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BRANCHED PULL-BACK COMPONENTS OF THE SPACE OF 
CODIMENSION 1 FOLIATIONS ON P" 

W. COSTA E SILVA 
To my mother 


Abstract. Let JF be written as f*Q, where CJ is a foliation in with three 
invariant lines in general position, say {XYZ) = 0, and / : P" -->P^, / = 
{Fq : : F 2 ) is a nonlinear rational map. Using local stability results of 

singular holomorphic foliations, we prove that: if n > 3, the foliation tF is 
globally stable under holomorphic deformations. As a consequence we obtain 
new irreducible componentes for the space of codimension one foliations on 
P”. We present also a result which characterizes holomorphic foliations on 
P"' ,n>3 which can be obtained as a pull back of foliations on P^ of degree 
d> 2 with three invariant lines in general position. 
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1. Introduction 

Let be a holomorphic singular foliation on P” of codimension 1, n„ : {0} —t 

P" be the natural projection and T* = 11* (T). It is known that T* can be de¬ 
fined by an integrable 1—form D = where the A's are homogeneous 
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polynomials of the same degree satisfying the Euler condition: 


n 


( 1 . 1 ) 


^ ZjAj = 0 . 


The singular set S{T) is given by S{J^) = {Aq = ... = = 0} and is such that 

codim(5' {T)) > 2. The integrability condition is given by 


( 1 . 2 ) 


n A dfl = 0. 


The form 12 will be called a homogeneous expression of J-. The degree of T is, 
by definition, the number of tangencies (counted with multiplicities) of a generic 
linearly embedded with T. If we denote it by deg{F) then deg (J^) = d—1, where 
d = deg (Aq) = ... = deg (A„). We denote the space of foliations of a fixed degree k 
in P" by Fol {k, n). Due to the integrability condition and the fact that S {F) has 
codimension > 2, we see that Fol (fc, n) can be identified with a Zariski’s open set in 
the variety obtained by projectivizing the space of forms 12 which satisfy (ED and 
(11.21) . It is in fact an intersection of quadrics. To obtain a satisfactory description 
of Fol (d; n) (for example, to talk about deformations) it would be reasonable to 
know the decomposition of Fol (d; n) in irreducible components. This leads us to 
the following: 

Problem : Describe and classify the irreducible components of 

Fol(/c;n) fc > 3 on P”, n > 3. 

In the paper [C.LNlj . the authors proved that the space of holomorphic codi¬ 
mension one foliations of degree 2 on P",n > 3, has six irreducible components, 
which can be described by geometric and dynamic properties of a generic element. 
We refer the curious reader to |C.LN1] and |LN0| for a detailed description of them. 
There are known families of irreducible components in which the typical element 
is a pull-back of a foliation on P^ by a rational map. Given a generic rational map 
/ : P" --^ p2 of degree zz > 1, it can be written in homogeneous coordinates as 
/ = {Fo,Fi,F 2 ) where Fo,Fi and F 2 are homogeneous polynomials of degree v. 
Now consider a foliation Q on P^ of degree d > 2. We can associate to the pair 
(/, Q) the pull-back foliation F = f*Q. The degree of the foliation F is z^(d-|- 2) — 2 
as proved in [C.LN.E] . Denote by PB{d, u] n) the closure in Fol {v(d -I- 2) — 2, n), 
n > 3 of the set of foliations F of the form f*Q. Since (/,!/) ^ f*G is an alge¬ 
braic parametrization of PB{d^v]n) it follows that PB{d,v]n) is an unirational 
irreducible algebraic subset ofFol(v(d-|-2) — 2,n), n > 3. We have the following 
result: 

Theorem 1.1. PB{d,v;n) is a unirational irreducible component of 
Fol {v{d -I- 2) — 2, n); n >3, v > 1 and d > 2. 

The case ly = 1, of linear pull-backs, was proven in [Ca.LNj . whereas the case 
zz > 1, of nonlinear pull-backs, was proved in [C.LN.E] . We can ask whether it 
is possible to obtain new families of irreducible components of nonlinear pull-back 
type. A natural question arises: what kind of family of rational maps should we 
consider? We will see that the family of rational maps we will use requires the 
existence of a very special set of foliations on P^. This will be the content of 
theorem A. 
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Without details, let us state some results that we prove in this paper. Denote by 
2) the subset of foliations on of degree d with all singularities of Hyperbolic- 
Type and Ilsid, 2) the set of foliations on P^ of degree d having 3 invariant lines in 
general position. Let A (d) = II 3 (d, 2) n (d, 2). Our first result is the following: 

Theorem A. Let d > 2. There exists an open and dense subset M (d) C A{d), 
such that if Q & M (d) then the only algebraic invariant curves of Q are the three 
lines. 


Let us describe the type of pull-back foliation that we will consider. Let Q he a 
foliation on P^ with three invariant straight lines in general position, say £q, £i and 
£ 2 - Consider coordinates (A, Y, Z) e such that £q = n2(A = 0), £i = h\ 2 {Y = 0) 
and £2 = h[ 2 (Z = 0), where 02 : C^\ {0} —>• P^ is the natural projection. The 
foliation (y can be represented in these coordinates by a polynomial 1 -form of the 
type 

H = YZA (A, y, Z) dX Y XZB (A, A, Z) dY + XYC (A, A, Z) dZ 
where by (1) A + B + C = 0. 

Let / : P" P^ be a rational map represented in the coordinates 

iX,Y,Z) e and W £ C"+i by / = {Fg^,F^,Ff) where Fo,Fi and F 2 £ C[W] 
are homogeneous polynomials without common factors satisfying 

a.deg{Fo) = j3.deg{Fi) = j.deg{F 2 ) = u. 

The pull back foliation f*{Q) is then defined by 


(W) = [aFiF 2 (A o F) dFo + I 3 F 0 F 2 (B o F) dFi + jFqFi {C o F) dF 2 ] 


where each coefficient of j 7 [/,g] {W) has degree T = v {d—h) + ^ + ^ + ^ —1- The 
crucial point here is that the mapping / sends the three hypersurfaces {Fi = 0 ) 
contained in its critical set over the three lines invariant by Q. 

Let PH (r — 1, u, a,/3, 7 ) be the closure in Fol(r —l,n) of the set {[d[/,e]]}, 
where ? 7 [/,g] is as before. It is an unirational irreducible algebraic subset of Fol (T — 1, n 
We will return to this point in Section IH 
Let us state the main result of this work. 


Theorem B. PB{T—1, u, a, fi, 7 ) is a unirational irreducible component o/Fol (T — 1, 
for all n >3, deg{Fo).a = deg{Fi).fi = deg{F 2 ).^ = u > 2, {a,/3,^) £ such that 
1 < a < /3 < 7 and d > 2. 


2. Foliations with 3 invariant lines 

2.1. Basic facts. Denote by /(d, 2) the set of the holomorphic foliations on P^ of 
degree d > 2 that leaves the lines A = 0, A = 0 and Z = 0 invariant. We observe 
that any foliation which has 3 invariant straight lines in general position can be 
carried to one of these by a linear automorphism of P^. The relation A + B + C = 0 
enables to parametrize /(d, 2 ) as follows 

H°(P^C)p2(d- 1))^2 ^ H°(P^C)p2(d- 1))^3 
{A,B) hA {A,B,-A-B). 

We let the group of linear automorphisms of P^ act on /(d, 2). After this procedure 
we obtain a set of foliations of degree d that we denote by Ilsid, 2 ). 
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We are interested in making deformations of foliations and for our purposes 
we need a subset of Il^{d, 2 ) with good properties (foliations having few algebraic 
invariant curves and only hyperbolic singularities). We explain this properties in 
detail. Let g G [/ be an isolated singularity of a foliation Q defined on an open subset 
oi U C C^. We say that q is nondegenerate if there exists a holomorphic vector 
field X tangent to C/ in a neighborhood of q such that DX{q) is nonsingular. In 
particular q is an isolated singularity of X. Let q be a nondegenerate singularity of 
Q. The characteristic numbers of q are the quotients A and of the eingenvalues 
of DX{q), which do not depend on the vector field X chosen. If A ^ Q+ then Q 
exhibits exactly two (smooth and transverse) local separatrices at q, and S~ 
with eigenvalues Aj and A“ and which are tangent to the characteristic directions 
of a vector field X. The characteristic numbers (also called Camacho-Sad index) 
of these local separatrices are given by 

I{g,S+) = ^ and i{g,s-) = ^. 

Aq Aq 

The singularity is hyperbolic if the characteristic numbers are nonreal. We introduce 
the following spaces of foliations: 

(1) ND{d, 2) = {g G Fol(d, 2); the singularities of g are nondegenerate}, 

(2) H{d,2) = {g G ND{d,2)] any characteristic number A of satisfies A G 
C\M}. 

It is a well-known fact |LN2) that 'H{d, 2) contains an open and dense subset of 
Fol(d, 2). Denote by A{d) = Ils{d,2) r\'H(d,2). Observe that A{d) is a Zariski 
dense subset of Ilz{d, 2). Concerning the set ND{d, 2), we have the following result, 
proved in |LN2] . 

Proposition 2.1. Let t/o G ND{d,2). Then #Sing{go) = d"^ + d + 1 = N{d). 
Moreover if Sing{gQ) = {p5,...,p^} where Pi 7 ^ P^ if i ^ j, then there are con¬ 
nected neighborhoods Uj ^ pj, pairwise disjoint, and holomorphic maps (fj : U G 
ND{d,2) Uj, where lA ^ g^ is an open neighborhood, such that for g G lA, 
(Sing{g) n Uj) = 4>j(g) is a nondegenerate singularity. In particular, ND(d,2) is 
open in Fol(2,d). Moreover, if go G 'H{d,2) then the two local separatrices as well 
as their associated eigenvalues depend analytically on g. 

2.2. Proof of Theorem O Let us first show that there exists a holomorphic 
foliation in Ilo{d,2) with all singularities of hyperbolic-type which does not have 
an algebraic invariant curve different from those three invariant straight lines. Let 
Uo = {C^, {x, y)} be an affine chart of P^. Let "H be a holomorphic foliation in P^, 
which is given by the polynomial vector field Xo(x,y) on Uq ■ 

{ X = x{cx A- ay A- X), 
y = y{bx A-eyA- g). 

We dx a = (l — i), b = 1, c = i, e = 1, fj, = i and A = 1. It is not difficult to calculate 
the characteristic numbers for this foliation and after a straightforward computation 
we conclude that all of its singularities are hyperbolic. Using a known result (Thm.l 
pp 891 from [C.LNOj l we have that if S is an algebraic invariant curve for the 
foliation H, its degree must satisfy deg{S) < 4. Hence the only possible remaining 
algebraic invariant would be a line. On the other hand, this line would have to pass 
through 3 singularities. But for the constants a, b, c, e, fi and A this is impossible 
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according to Camacho-Sad’s Index Theorem |LN2) for the foliation T-L. Now take the 
holomorphic ramified map T : ^ given by {x,y) —>■ d>2. The 

vector field T*Xq defines a holomorphic foliation which can be naturally extended 
to a foliation Q in having three invariant lines. The map T can be extended 
to a mapping T : P^ ^ P^ [X : F : Z] ^ and we have 

that Q = The map T does not produce new algebraic invariant curves. To 

finish the argument we observe that for d > 2 fixed the subsets of foliations with 
algebraic invariant curves different from the 3 lines is a union of algebraic subsets 
whose complement in Il'i{d,2) is an open and dense subset. For each fixed d we 
denote this set by M (d). This finishes the proof of Theorem □ 


3. Branched rational maps 


Let / : P” - p2 be a rational map and / : —)• its natural lifting in 

homogeneous coordinates. 


The indeterminacy locus of / is, by definition, the set I (/) = n„ 



Observe that the restriction is holomorphic. We characterize the set of 

rational maps used throughout this text as follows: 


Definition 3.1. We denote by BRM {n,i/,a, the set of maps 

|/ : pn qj; degree u given by / = (^Fq : : FiJ^ where Fo,Fi and F 2 are 

homogeneous polynomials without common factors, with deg (Fq) .a = deg (Fi) ./3 
= deg {F 2 ) .7 = p, u > 2 , (a, f3, 7 ) S such that 1 < a < ,5 < 7 . 

Let us fix some coordinates (zq, ..., Zn) on and {X, Y, Z) on and denote 
by F’f, the components of / relative to these coordinates. Let us note 
that the indeterminacy locus /(/) is the intersection of the 3 hypersurfaces {Fq = 0), 
{Fi = 0 ) and {F 2 = 0 ). 

Definition 3.2. We say that / S BRM I3,j) is generic if for all p S 

f~^ (0) \ {0} we have dFo {p) A dFi {p) A dF 2 {p) ^ 0. 

This is equivalent to saying that / S BRM (n, p, a, (3, 7 ) is generic if /(/) is the 
transverse intersection of the 3 hypersurfaces (Fq = 0), (Fi = 0) and {F 2 = 0). 
As a consequence we have that the set /(/) is smooth. For instance, if n = 3, / 
is generic and deg{f) = p, then by Bezout’s theorem I (/) consists of distinct 
points with multiplicity a/iy. If n = 4, then / (/) is a smooth connected algebraic 
curve in P'^ of degree In general, for n > A, I (/) is a smooth connected 

algebraic submanifold of P" of degree and codimension three. 

Denote ..., § 77 )- Consider the derivative matrix 




VFq 

M = 

/3 (Ff-i^ 

VFi 


1 

1 

VF 2 


The critical set of / is given by the points of 0 where rank(M) < 3; it is the 

union of two sets. The first is given by the set of {Z G O} = Xi such that 
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the rank of the following matrix 


N = 


VFo 

VFi 

VF 2 


is smaller than 3. The second is the subset 

X2 = {Z G C"+^ {0} I {Z) = 0 }. 

Denote P (f) = n„(XiUX 2 ). The set of generic maps will be denoted by 
Gen {n, v, a, (3, 7 ). We state the following result whose proof is standard in algebraic 
geometry: 


Proposition 3.3. Gen{n,h',a,(3,^) is a Zariski dense subset of 

BRM {n, v, a, /3, 7 ). 


4. Ramified pull-back components - Generic conditions 


Let us fix a coordinate system (X,Y,Z) on and denote by io, l\ and ^2 the 
straight lines that correspond to the planes X = 0, Y = 0 and Z = 0 in C^, 
respectively. Let us denote by M (d) the subset M {d) fl /(d, 2). 


Definition 4.1. Let / G Gen {n,v,a, I3,j). We say that Q G M [d) is in generic 
position with respect to / if [Sing {Q) fl Y 2 ] = 0, where 


Y 2 {f) = Y2 -.= U2 


f{wG C”+VFo (w) a dFi (w) A dF 2 (w) 


0 } 


and io, £i and £2 are £/-invariant. 


In this case we say that (/, Q) is a generic pair. In particular, when we fix 
a map / G Gen(n, n, a, /3,7) the set A = {G G M (d) \Sing (Q) riY 2 {f) = $} is 
an open and dense subset in M{d) [LN.Scj . since VG{f) is an algebraic curve 
in P2. The set Ui := {{/,§) G Gen(n, p, a,/3, 7 ) x M{d)\Sing{g) n F 2 (/) = 
0} is an open and dense subset of Gen(n, p, a,/3, 7 ) x M (d). Hence the set 
^ {d[/.e]l (/)0) S C^i} is an open and dense subset of PB (T — l,p, a,/ 3 , 7 ). 

The following result, concerning the degree of a foliation given by a generic pair, 
is proved in the Appendix. 


Proposition 4.2. If F comes from a generic pair, then the degree of F is 


V 


(d - 1) -I- — -I- - + 
a p 


1 

7 


- 2 . 


Consider the set of foliations II 3 (d, 2), d > 2, and the following map: 

$ : (n, p, a,/3, 7 ) X 1/3 (d, 2) — Fol(r —l,n) 

{f,g) ^ r{g) = ^{f,g). 

The image of $ can be written as: 

$ (/, g) = [aFiF 2 {A o F) dFo + / 3 F 0 F 2 {B o F) dFi + 7 F 0 F 1 (G o F) dF 2 ]. 

Recall that $ (/,(?) = More precisely, let PBfT — l,p,a,/ 3 , 7 ) be the clo¬ 

sure in Fol(r —l,n) of the set of foliations F of the form f* (Q), where / G 
BRM (n,v,a, 13 , 7 ) and G G 113 ( 2 , d). Since Ri?M (n, p, a,/3, 7 ) and 113 ( 2 , d) are 
irreducible algebraic sets and the map (/,!/) —S' /* (G) G Fol(r — l,n) is an alge¬ 
braic parametrization of PB{T — 1, p, a,/3, 7 ), we have that PB(T — l,p, a,/ 3 , 7 ) 
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is an irreducible algebraic subset of Fol (F — l,n). Moreover, the set of generic 
pull-back foliations T = f*{Q), where (/, G) is a generic pair} is an open (not 
Zariski) and dense subset of PB{r — 1, u, a, ,9, 7 ) for u > 2, (a, /3, 7 ) e such that 
1 < a < /3 < 7 and d>2. 

5. Description of generic ramified pull-back foliations on P” 

5.1. The Kupka set of = f*{G)- Let r be a singularity of Q and 14 = 

If (/, G) is a generic pair then 14\/(/) is contained in the Kupka set of P. As an 
example we detail the case where t is a corner, say a = [0 : 0 : 1]. Fix p G t4\/(/). 
There exist local analytic coordinate systems such that f{x,y,z) = (x“, 2 /^) = 
{u,v). Suppose that G is represented by the 1 -form uj; the hypothesis of G being 
of Hyperbolic-type implies that we can suppose uj{u,v) = Aim(1 -I- R{u,v))dv — 
X 2 vdu, where ^ G C\K. We obtain uj{x,y) = f*{uj) = {x°‘~^ .y^~^){Xif3x{l + 
R{x°‘ ,y^)dy — aX 2 ydx) = {x°‘ ^.y^ ^)(jj{x,y) and so dLj{p) 4 0- Therefore if p is 
as before it belongs to the Kupka-set of R. For the other points the argumentation 
is analogous. This is the well known Kupka-Reeb phenomenon, and we say that p 
is contained in the Kupka-set of J-. It is known that this local product structure is 
stable under small perturbations of R [K ) . [G.LN) . 

5.2. Generalized Kupka and quasi-homogeneous singularities. In this sec¬ 
tion we will recall the quasi-homogeneous singularities of an integrable holomorphic 
l-form. They appear in the indeterminacy set of / and play a central role in great 
part of the proof of Theorem B. 

Definition 5.1. Let uj be an holomorphic integrable l-form defined in a neighbor¬ 
hood of p G C^. We say that p is a Generalized Kupka(GK) singularity of w if 
uj(p) =0 and either duj(p) 4 0 or p is an isolated zero of duj. 

Let Lu be an integrable l-form in a neighborhood of p G and p be a holomor¬ 
phic 3-form such that fj,(p) 4 0. Then du = iz{y) where Z is a holomorphic vector 
field. 

Definition 5.2. We say that p is a quasi-homogeneous singularity of w if p is an 
isolated singularity of Z and the germ of Z at p is nilpotent, that is, if L = DZ{p) 
then all eigenvalues of L are equals to zero. 

This definition is justified by the following result that can be found in [LN2] or 
[G.CA.G.LNj : 

Theorem 5.3. Let p be a quasi-homogeneous singularity of an holomorphic inte¬ 
grable l-form UJ. Then there exists two holomorphic vector fields S and Z and a 
local chart U := (xo,xi,X 2 ) around p such that xo{p) = xi{p) = X 2 ip) — 0 and: 

(a) UJ = Xisizidxo A dxi A dx 2 ), X G Q+ duj = iz(dxo A dxi A dx 2 ) and Z = 
{rot{uj)); 

(b) S = PqXq-^ -l-pixigl^ +P 2 X 2 -^, where, po, Pi, P 2 are positive integers 
with g.c.d{po,pi,p 2 ) = 1 ; 

(c) p is an isolated singularity for Z, Z is polynomial in the chart 
U := {xo,xi,X 2 ) and [5, Z] = ^Z, where .£ > 1. 

Definition 5.4. Let p be a quasi-homogeneous singularity of uj. We say that it is 
of the type (po : pi : P 2 'A), if for some local chart and vector fields S and Z the 
properties (a), ( 6 ) and (c) of the Theorem 15.31 are satisfied. 
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We can now state the stability result, whose proof can be found in 
|C.CA.C.T,N] : 

Proposition 5.5. Let {liJs)s^y. be a holomorphic family of integrable 1-forms de¬ 
fined in a neighborhood of a compact ball B = {z € C^; \z\ < p}, where E is o 
neighborhood o/O S C^. Suppose that all singularities of ujq in B are GK and that 
sing(duj{f) C int{B). Then there exists e > 0 such that if s € B{0,e) C E, then all 
singularities of ujs in B are GK. Moreover, if 0 G B is a quasi-homogeneous singu¬ 
larity of type (po : pi : p 2 ', i) then there exists a holomorphic map B(0, e) 9 s i-A z(s), 
such that z(0) = 0 and z(s) is a GK singularity of Ws of the same type (quasi- 
homogeneous of the type (po - Pi '■P 2 'A), according to the case). 


Let us describe tF = f*{G) in a neighborhood of a point p G /(/)■ It is easy to 
show that there exists a local chart {U, {xo,xi,X 2 ,y) G x C"“^) around p such 
that the lifting / of / is of the form f\u = {xq,Xi,X 2 ) : 17 —>■ C^. In particular 
is represented by the I-form 

(5.1) r]{xo,xi,X 2 ,y) = a.XiX 2 .A{xQ , Xi, xJ)dxo + I3.xoX2.B{xq ,Xi,x1)dxi 


-\-p.xoXi.G{xQ,x^,x1)dx2. 

Let us now obtain the vector field S as in Theorem 15.31 Consider the radial 
vector field R — X-^ -\-YZ-^. Note that in the coordinate system above it 
transforms into 


1 

— Xq 


d 


d 


1 

a cxo p oxi 8 x 2 ' 

Since the eigenvalues of S have to be integers, after a multiplication by aflp we 
obtain 


1 

dxo fd^^'dxi 


S = {l3-f)xo 


dxn 


{ap)xi 


dx\ 


{aP)x2 


dx 2 


Remark 5.6. We observe that if g.c.d{/3j, ay, a/3) = 0 ^ 1 we replace (/Sy, ay, a/3) 
by yjg repeat with minor modifications the same arguments. Hence 

we can suppose for simplicity that g.c.d{l3j,aj,al3) = 1. 


Lemma 5.7. If p € I if) then p is a quasi-homogeneous singularity ofrj. 


Proof. First of all note that isp = 0. Let us calculate Lsp, where L denotes 
the Lie derivative. By standard computations we have that Lsp = my, where 
m = [iPp + ay + a/3) + (a/3y)(d — 1)]. This implies that the singular set of y is 
invariant under the flow of S. The vector field Z such that y = isizidxoAdxi Adx 2 ) 
is given by 

d d d 

Z = ZQ{xa,Xi,X2)-z -h Ziixo,Xi,X2)z^ -h Z2ixo,Xi,X2)z ^— 

UXq UXi UX2 

where Zi{xo,xi,X 2 ) = Xi.AiixQ,Xi,X 2 ). The polynomials Ai{X,Y, Z) are homo¬ 
geneous of degree (d — 1) and they are not unique. We must show that the origin 
is an isolated singularity of Z and all eigenvalues of DZ{Q) are 0. By straight¬ 
forward computation we find that the Jacobian matrix DZiQ) is the null matrix, 
hence all its eigenvalues are null. Since all singular curves of T in a neighborhood 
(t/, (ccq, xi,X 2 )) of 0 are of Kupka type, as proved in Section [5Tl it follows that the 
origin is an isolated sigularity of Z. Note that the unique singularities of y in the 
neighborhood (U, (xo,cci,^ 2 )) of 0 come from f*SingiG); this follows from the fact 
that Sing (G) n (CC'(/)\7o U £1 U £ 2 ) = 0. On the other hand we have seen that 
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(/) ^{sing{Q))\I{f) is contained in the Kupka set of T. Hence the point p is an 
isolated singularity of dr] and thus an isolated singularity of Z. □ 

As a consequence, in the case n = 3 any p G /(/) is a quasi-homogeneous 
singularity of type [j3^ : ay : a/3]. In the case n > 4 the argument is analogous. 
Moreover, in this case there will be a local structure product near any point p £ 
/(/). In fact in the case n > 4 we have: 

Corollary 5.8. Let (/, Q) be a generic pair. Letp G /(/) and rj an 1-form defining 
F in a neighborhood of p. Then there exists a 3-plane H C C” such that d{r])\u has 
an isolated singularity at 0 G H. 

Proof. Immediate from the local product structure. □ 

5.3. Deformations of the singular set of iFo = /o(I3o)- In this section we give 
some auxiliary lemmas which assist in the proof of Theorem[Bj We have constructed 
an open and dense subset W inside PB(T — 1, v, a, /3, 7 ) containing the generic pull¬ 
back foliations. We will show that for any rational foliation Fq and any germ 
of a holomorphic family of foliations such that Fq = we have 

Ft G PB(T — 1, V, a, /3, 7 ) for all t G (C, 0). 

Lemma 5.9. There exists a germ of isotopy of class C°°, (d(t))tg(c,o) having the 
following properties: 

(i) /(O) = /(/o) and I{t) is algebraic and smooth of codimension 3 for all 
t G (C,0). 

(ii) For all p G I{t), there exists a neighborhood U(j),t) = U of p such that Ft 
is equivalent to the product of a regular foliation of eodimension 3 and a 
singular foliation Fp^t of codimension one given by the 1-form Pp^f 

Remark 5.10. The family of 1-forms Ppu, represents the quasi-homogeneous foli¬ 
ation given by the Provosition \5.^ 

Proof. See |LN01 lema 2.3.2, p.81]. □ 

Remark 5.11. In the case n > 3, the variety I ft) is connected since I{fo) is 
connected. The local product structure in I(t) implies that the transversal type of 
Ft is constant. In particular, Fp^t, does not depend on p G Kt). In the case 
n = 3, Ift) = pi{t), ...,pj{t), ...,p „3 (t) and we can not guarantee a priori that 

^ Pi,t — ^ ^ J- 

The singular set of Qo consists of the points a = [0 : 0 : 1], 6 = [0 : 1 : 0], 
c = [1 : 0 : 0], and the subsets Sw(.Go)j 0 < r < 2. We know that 

ffSwiGo) = (d - 1)^, ffSifiQt)) = (d - 1), 0 < r < 2. Let r G Sing{Go) and 
K{Fo) = UT-gSi„g(0j,)I4\d(/o) where I 4 = fo^ir). As in Lemma [5^ let us consider 
a representative of the germ {Ft)t, defined on a disc Ds := (jtj < <5). 

Lemma 5.12. There exist e > 0 and smooth isotopies fir '■ De 'x Vt ^ P”,r G 
SingiGo), such that 14(t) = firift} x 14) satisfies: 

(a) 14 (t) is an algebraic subvariety of codimension two o/P" and 14(0) = 14 
for all T G Sing{Go) o,nd for all t G D^. 

(b) I{t) C I4(t) for all t G Sing(Go) and for all t G D^. Moreover, if t t', 
and t,t' G Sing{Go), we have I4(t) fl I4'(t) = Ift) for all t € De and the 
intersection is transversal. 
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(c) Vr{t)\I{t) is contained in the Kupka-set of Tt for all t G Sing{Qo) and 
for all t G De- In particular, the transversal type of Tt is constant along 

Vr{t)\Iit). 

Proof. See |LN01 lema 2.3.3, p.83]. □ 

5.4. End of the proof of Theorem[Bj We divide the end of the proof of Theorem 
iBlin two parts. In the first part we construct a family of rational maps /t : P" - 
ft G Gen(n, v, a, /3,7), such that {ft)t^D^ is a deformation of /o and the subvarieties 
Vr, T G SingQt), are fibers of ft for all t. In the second part we show that there 
exists a family of foliations {Qt)teD^,Gt G A (see Section S]) such that Tt = ft{Gt) 
for all t G D,:. 

5.4.1. Part 1. Let us define the family of candidates that will be a deformation 
of the mapping /q. Set 14 = fo^{a), 14 = fo^{b), 14 = fp^jc), where a = [0 : 
0 : 1], 6 = [0 : 1 : 0] and c = [1 : 0 : 0] and denote by 14* = fo^{T*), where 
T* G Sing{go)\{a,b,c}. 

Proposition 5.13. Let {Tt)teD^ be a deformation of Tp = fpiGp), where (fpjGp) 
is a generic pair, with Gp G A, fp G Gen{n,v,a, P,^) and deg{fp) = v >2. Then 
there exists a deformation {ft)teD^ of fp in Gen(n,v,a, P,^) such that: 

(i) Va{t),Vb{t) andVc{t) are fibers 0/- 

(ii) I{t) = I{ft),ytGD,,. 

Proof. Let fp = —>■ be the homogeneous expression of 

fp. Then I4, 14, and 14 appear as the complete intersections {Fi = F 2 = 0), 
(Fp = F 2 = 04 and (Fp = Fi = 0) respectively. Hence I(fp) = I4 n 14 = 14 n 14 = 
14 n 14- It follows from |Ser| (see section 4.6 pp 235-236) that 14 (t) is a complete 
intersection, say 14(t) = (Fp(t) = Fi(t) = 0), where (Fp(t))teD^, and (Fi(t))teD^, 
are deformations of Fp and Fi and is a possibly smaller neighborhood of 0. 
Moreover, Fp(t) = 0 and Fi(t) = 0 meet transversely along 14(t)- In the same way, 
it is possible to dehne 14(t) and 14(t) as complete intersections, say (Fi(t) = F 2 (t) = 
0) and (Fp(t) = F 2 (t) = 0) respectivelly, where (Fj(t))teD^, and (Fj(t))teD^, are 
deformations of Fj, 0 < j < 2. 

We will prove we can find polynomials Pp(t), Pi(t) and P 2 (t) such that 14(t) = 
(Pi(t) = P 2 (t) = 0), 14(t) = (Pp(t) = P 2 (t) = 0) and 14(t) = (Pp(t) = Pi(t) = 0). 
Observe first that since Fp(t),Fi(t) and 14(t) are near Fp, Fi and F 2 respectively, 
they meet as a regular complete intersection at: 

J(t) = (Fp(t) = F,(t) = F2(t) = 0) = Va(t) n (F2(t) = 0). 

Hence J(t) O (Fi(t) = 0) = 14(t) O 14(t) = I(t), which implies that I(t) C J(t). 
Since I(t) and J(t) have points, we have that I(t) = J(t) for all t G I?e'. 

Remark 5.14. In the case n > A, both sets are codimension-three smooth and 
connected submanifolds 0/P”, implying again that I(t) = J(t). In particular, we 
obtain that 

I(t) = (Fp(t) = F,(t) = F2(t) = 0) C (Ffit) = 0), 0 < j < 2. 

We will use the following version of Noether’s Normalization Theorem (see |LN0| 

p86): 
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Lemma 5.15. (Noether’s Theorem) Let Go, ...,Gk G C[zi,Zm] be homogeneous 
polynomials where 0 < k < m and m > 2, and X = {Go = = Gk = 0). 

Suppose that the set Y ■= {p G X\dGo{p) A ... A dGk{p) = 0} is either 0 or 0. If 
G G C[zi, ..., Zm] satisfies G\x = 0, then G G < Gq, ..., Gk >■ 

Take k = 2, Go = Fo{t), Gi = Fi{t) and G2 = F2{t). Using Noether’s Theorem 
with Y = 0 and the fact that all polynomials involved are homogeneous, we have 
Fi{t) G < Fo{t),Fi{t),F2{t) >. Since deg{Fo{f)) > deg{Fi{t)) > deg{F2{t)), we 
conclude that Fi{t) = Fi{t) + g{t)F2{t), where g{t) is a homogeneous polynomial 
of degree deg{Fi{t)) — deg{F2{t)). Moreover observe that Vc{t) = V{Fi{f), F2{f)) = 
V{Fi{t),F2{t)), where V{Hi,H2) denotes the projective algebraic variety defined by 
{Hi = H2 =0). Similarly for Vi,{t) we have that F2{t) G < Fo{t), Fi{t), F2{t) >. On 
the other hand, since F2 {t) has the lowest degree, we can assume that F2 {t) = F2 {t). 

In an analogous way we have that Fo{t) = Fo{t) + m{f)Fi{t) + n{f)F 2 {f) for the 
polynomial Fo{t). Now observe that V{Fo{t), F 2 {t)) = V{Fo{t) + m{t)Fi{t), F 2 {t)). 
Hence we can define ft = {P(f {t), {t), Pf {t)) where Po{t) = Fo{t) + m{t)Fi{t), 

Pi{t) = Fi{f) and P 2 {t) = F 2 {t). This defines a family of mappings {ft)tGD^, '■ 
p3 Va{t), Vb{t) and Vc{t) are fibers of ft for fixed t. Observe that, 

for e' sufficiently small, {ft)tGD^, is generic in the sense of definition 3.2, and its 
indeterminacy locus I{ft) is precisely I{t). Moreover, since Gen{3, v, a, j 3 , 7) is open, 
we can suppose that this family {ft)teD^, is in Gen {3, n, a, ft, j). This concludes 
the proof of proposition 5.10. □ 

Now we will prove that the remaining curves Ur(t) are also fibers of ft- In the 
local coordinates X{t) = {xo{t),xi{t),X2{t)) near some point of I{t) we have that 
the vector field S is diagonal and the components of the map ft are written as 
follows: 

(5.2) Po{t) = uotXo{t) + xi{t)x 2 {t)hot 

Pl{t) = UitXi{t) + Xo{t)x2{t)hit 
P2{t) = U2tX2{t) + Xo{t)xi{t)h2t 

where the functions uu G 0) and hu G 0{C^, 0), 0 < f < 2. Note that when 

the parameter t goes to 0 the functions hi{t ),0 <i <2 also goes to 0. We want to 
show that an orbit of the vector held S in the coordinate system X {t) that extends 
globally like a singular curve of the foliation Ft is a hber of ft- 

The condition a < ft < j implies that ay < /3(a + 7) and a/3 < j{a + /3). Firstly 
we prove that if /Sy < a(/3 + 7) then any generic orbit of the vector held S that 
extends globally as singular curve of the foliations Ft is also a hber of ft for hxed 
t. Afterwords we show that if we have /Sy > a(/3 + 7) then any orbit of the vector 
held S contained in the coordinate planes and which extends globally as singular 
curve of the foliations Ft are hbers of the mapping ft- Using these facts, we can 
prove that any generic orbit of the vector held S that extends globally as singular 
curve of the foliations Ft is also a hber of ft in the second case. 

Lemma 5.16. If < a(/3 + 7) then any generic orbit of the vector field S that 
extends globally as singular curve of the foliations Ft is also a fiber of ft for fixed 

t. 

Proof. To simplify the notation we will omit the index t. Let (5(s) be a generic orbit 
of the vector held S (here by a generic orbit we mean an orbit that is not contained 
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in any coordinate plane). We can parametrize 6 {s) as s —>■ {as^'^,hs°'^ 
a ^ 0,b ^ 0,c ^ 0. Without loss of generality we can suppose that a = b = c = 1. 
We have 

ftidis)) = : (s“^U2 + 

Condition /Jy < a{P + ^) implies that we can extract the factor from ft{S{s)). 
Hence we obtain 

(5.3) MS{s)) = [(uo + s’^hoT ■■ («i + s^hif : (u 2 + 

where k = a{j5 + 7) — /Sy, I = /3(y + a) — ay and m = y(a + 13)— aj3. 

Since W is a fiber, /o(14) = [d : e : /] S with d ^ 0, e 7^ 0, / 7^ 0. If we 
take a covering of /(/) = {pi, ...,p_^} by small open balls 1 < j < 

the set Hr\ U7 Bj{pj) is compact. For a small deformation ft of /o we have that 
ft[Vr{t)\ Uj Bj{pj){t)] stays near f[Vr\ Uj Bj(pj)]. Hence for t sufficiently small 
the components of expression [5l3] do not vanish both inside as well as outside of the 
neighborhood L)jBj{pj){t). 

This implies that the components of ft do not vanish along each generic fiber 
that extends locally as a singular curve of the foliation Tt- This is possible only if 
ft is constant along these curves. In fact, ft{Vr{t)) is either a curve or a point. If it 
is a curve then it cuts all lines of and therefore the components should be zero 
somewhere. Hence ft{Vr{t)) is constant and we conclude that Vr{t) is a fiber. 

Observe also that when we make a blow-up with weights (/3y, ay, a/3) at the 
points of I (ft) we solve completely the indeterminacy points of the mappings ft in 
the case /3y < a(/3 + y) for each t. □ 

When /3y > a{(3 + y) the situation requires more detail. Suppose that the 
orbits contained in the coordinate planes that extends globally as singular curves 
of the foliation J7 are fibers of ft- To simplify assume also that g.c.d(a,/3) = 1, 
g.c.d(a,y) = 1 and g.c.d(y,/3) = 1 (the general case is similar). We can assume 
without loss of generality that this orbit is contained in the coordinate plane xo(t) = 
0. In this case the orbit is of the form {xq = x^ — cx^ = 0). We have that the germ 
of /o,t at the point Pj{t) belongs to the ideal generated by Xo{t) and {x^ — cx2){t). 
Hence we can write the function hot of expression as 

hot = xo{t)hoit + {x{(t) - cx'l{t))ho 2 t 

where hoit,ho 2 t G 02- Therefore we can repeat the argument of Lemma |5. 161 and 
extract the factor We conclude, as above, that Vr{t) is also a fiber when we 

have /3y > a(/3 -I- y). 

Hence to complete the proof for the case /3y > a(/3 -I- y) we need the following 
result: 

Lemma 5.17. ///3y > a{l3 + y) then any orbit of the vector field S contained in 
some coordinate plane atpjlf) and which extends globally as a singular curve of the 
foliations Tt is a fiber of the mapping ft for fixed t. 

Proof. Denote {ft)teD^, : P^ - P^ by /* = [Po(t) : Pf(t) : Pfit)]. As previously, 
let us consider an orbit of the vector field S' on a small neighborhood of an indeter¬ 
minacy point of ft, Bj(pj{t)), 1 < j < and denote by 14(t) the global extension 
of this orbit to P^. Without loss of generality we can assume that the orbit is con¬ 
tained in the plane (a:o(t) = 0) and we can suppose that it can be parametrized as 
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s —^ (0, s'*', s^). To simplify the notation we will omit the index t in some expres¬ 
sions. After evaluating the mapping ft on this orbit, on a neighborhood oipj(t) we 
obtain: 

ft{6{s)) = 

This can be written as 

(5.4) = [X{s) : r(s) : Z(s)]. 

Firstly we prove that ft{Vr{t)) is contained in a line of the form {Y — XZ = 

0) of P^. Let us consider the meromorphic function with values in P^ given by 
gt{s) = Y0) — When s 0 this function goes to a constant A 7^ 0,A 7^ oo. 

Observe that for small t the function -^{t) : Vr{t)\ U7 Bj{pj{t)) —^ P^ stays near 

^(0) : Ft-(0)\ \Jj Bj{pj{{))) P^. Note that since ^,-(0) is a fiber -^(0) does not 

vanish. We conclude that ft{VT{t)) C (Y — XZ = 0) ~ P^. 

If /Jy > a(/3 -I- 7) we can write Equation [53] as 

[ho{s) : : s'^u^] 

where m = /Sy —a(/3-|-7). Observe that when s = 0 the function /io(s) could vanish; 
in this case such a point corresponds to a indeterminacy point Pj(t) of ft for some 
j. At Pjit) we can write the first component of Equation 15.41 as /io(s) = sP^hj{s) 
where either hj{s) G O*(C,0) or ho = 0; however in the second case we are done, 
that is, Vr{t) is a fiber of ft- At Pj{t) we have two possibilities: 

First case: pj < m. In this case we can write Equation 15.41 as 

(5.5) 

If s —>• 0 the image goes to [1:0:0], hence ft\v^(t){pj{i)) = [1:0:0]. 

Second case: pj > m. We can write Equation 15.51 as 

(5.6) [s^^~'^hj{s) : wf : ul]. 

If s —0 the image goes to [a : A : 1] where a G C. This is due to the fact that the 
image of such a point belongs to the curve (Y — XZ = 0) ~ P^ and hence we can 
write it as [a : A : 1]. Suppose that /tlv7(t) is not constant and consider the mapping 
ftlv,(t) : Vr(t) ft(Vr(t)) C (Y - XZ = 0) for fixed t. Denote Q = {j\pj < m}. 
Note that p G Vr{t) and ft\v^(t){p) = [1:0:0] imply that p = Pj{t) for some j G Q] 
that is, (/t|v7(t))~^[l : 0 : 0] = {pj{t),j G Q}. Moreover, by Equation 15.61 we have 
muZ<(/tjv7(t),_Pj(t)) = m — Pj. In particular, the degree of ft\v^{t) is 

degiftlvAt)) = ~ Pi'^- 

j 

On the other hand, ifp G (/t|i4(t))~^[0 : A : 1] then (P(f (p) = 0) andso mult{ft\v^(t)TP) 
is equal to the intersection number of {Po{t) = 0) and Vr{t) at p. Hence 

degiftlvAt)) = yr{t).Po{t) = deg{Vr{t)) x deg{P^{t)) = ^ = “ Pi'^' 

j 

But {m — Pj) < m = — a{p + 7) and so 

Pj) <#Q xm< P— X (/37 - a(/3 -b 7)) = iy^{- - ^ - i) 
ap-f 0/3 7 
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which implies that — < — — 4 — - and we arrive to a contradiction. Therefore, 

(5 = 0, /t|v.,(t) is a constant and Vr{t) is a fiber of /*. □ 

5.4.2. Part 2. Let us now define a family of foliations S A (see Section 

13 such that Tt = ft{Gt) for all t G D^. Firstly we consider the case n = 3. Let 

-^[/37,ct7,a/3](0 be the family of “complex algebraic threefolds” obtained from by 
blowing-up with weights {l3j,aj,aP) at the points Pi(t), ..., ..., p (t) 

al3’y 

corresponding to I(t) of At] and denote by 

TTwit) ■ ^[p-y ,a7,a p]it) 

the blowing-up map. The exceptional divisor of iTwit) consists of orbifolds 
Ej{t) = TTyj{t)~^{pj{t)), I < j < which are weighted projective planes of the 
type Each of these has three lines of singular points of ,ap]{i), 

all isomorphic to weighted projective lines, but these singularities will not interfere 
our arguments (for more detail see [MM] ex. 3.6 p 957). 

More precisely, if we blow-up At at the point Pi{t), then the restriction of the 
strict transform Trl^At to the exceptional divisor Ej{t) = ^fp^ayap] same 

quasi-homogeneous 1-form that defines At at the point pj (t). We have that Ej {t) is 
birationally equivalent to P^; by an abuse of notation, we will denote this property 
by Ej{t) ~ P^. It follows that we can push-forward the foliation to P^. With this 
process we produce a family of holomorphic foliations in A. This family is the 
“holomorphic path” of candidates to be a deformation of Go- In fact, since A is an 
open set we can suppose that this family is inside A. We fix the exceptional divisor 
Ei{t) to work with and we denote by Qt the restriction of ir^At to Ei{t). As we 
have seen, this process produces foliations in A up to a linear automorphism of P^. 
Consider the family of mappings /t : P^ - -^P^, t G Hg' defined in Proposition [51131 
We will consider the family {ft)t^D^ as a family of rational maps ft : P^ - Exit)] 
we decrease e if necessary. Note that the map 

ft o 7r„(t) : Uj Ej{t) Ex{t) ~ P^ 

extends holomorphically, that is, as an orbifold mapping, to 

ft ■ M[p^^ay,aP]{t) “>■ '^‘[Py,ay,aP] — -®l(i) — 

This is due to the fact that each orbit of the vector field St determines an equivalence 
class in and is a fiber of the map 

{xo{t),xi{t),X2{t)) {x'^{t),x{{t),xl{f)). 

The mapping ft can be interpreted as follows. Each fiber of ft meets Pj{t) once, 
which implies that each fiber of ft cuts Ei{t) once outside of the three singular 
curves in n Ei{t)]. Since M[p,y^a,y^ap-^{t)\ Uj Ej(t) is biholomorphic 

to P^\/(t), after identifying Ei{t) with P^^.^ ^py we can imagine that if q G 

^[Py,ay,ap\{t)\ Uj Ej{t) then ft{q) is the intersection point of the fiber f^^{ft{q)) 
with Ei(t). We obtain a mapping 

ft : —>• P^. 

It can be extended over the singular set of using Riemann’s Extension 

Theorem. This is due to the fact that the orbifold has singular set 

of codimension 2 and these singularities are of the quotient type; therefore it is a 
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normal complex space. We shall also denote this extension by ft to simplify the 
notation. Observe that the blowing-up with weights (/Jy, ay, a/3) can completely 
solve the indeterminacy set of ft for each t. 

With all these ingredients we can define the foliation fpt = ffiGt) € PB{T — 
1, p, a, P, y). This foliation is a deformation of Fq. Based on the previous discussion 
let us denote Fi{t) = TTw{t)*{Ft) and Fi{t) = TT^{t)*{Ft). 

Lemma 5.18. If Fi{t) and Fi(t) are the foliations defined previously, we have that 

where Qt is the foliation indueed on Eift) cs by the quasi-homogeneous 

1 -form Vp,{t)- 

Proof. In a neighborhood of pi(t) G I(t), Ft is represented by the quasi-homogeneous 
1-form rjpi^t)- This 1-form satisfies istVpi{t) = 0 and therefore naturally defines a 
foliation on the weighted projective space Ei (t) ~ P^^^ . This proves the first 

equality. The second equality follows from the geometrical interpretation of the 
mapping ft : - ]P^ since Fi{t) = fi{t)*{gt). □ 

Now we use the fact that P^^^ ~ P^ to obtain the equality 

Gt = -^l(t)|Ei(t)~p2 = Fi{t)\Ei{t)~P^- 

Let Ti(t) be a singularity of Gt outside the three invariant straight lines. Since 
the map t 'Li(t) G P^ is holomorphic, there exists a holomorphic family of 
automorphisms of P^, t —> H (t) such that n (t) = [a : & : c] G Ei (t) ~ P^ is 
kept fixed. Observe that such a singularity has non algebraic separatrices at this 
point. Fix a local analytic coordinate system {xt,yt) at Ti(t) such that the local 
separatrices are {xt = 0) and {yt = 0), respectively. Observe that the local smooth 
hypersurfaces along Vri{t) = fP^init)) defined by W := {xtoft = 0) and Yt ■= ivto 
ft = 0) are invariant for Fi{t). Furthermore, they meet transversely along 14i(t)- 
On the other hand, 14i(t) is also contained in the Kupka set of Fi{t). Therefore 
there are two local smooth hypersurfaces Xt := {xt o /t = 0) and Yt := {yt o /t = 0) 
invariant for Fi{t) such that: 

(1) Xt and Yt meet transversely along V)-i(t)- 

(2) Xt n Trni{t)~'^{pi{t)) = (xt = 0) = Xt n 7ru,(t)“i(pi(t)) and 

Yt n 7r„(t)“i(pi(t)) = {yt = 0) = Yt O 7r„(t)“i(pi(t)) (because Fi{t) and 
Fi{t)) coincide on Ei{t) ~ P^). 

(3) Xt and Yt are deformations of Xq = Xq and Yq = Fq, respectively. 

Lemma 5.19. Xt = Xt for small t. 

Proof Let us consider the projection ft : on a 

neighborhood of the regular fibre 14i(t)j and fix local coordinates Xt,yt on P^ such 
that Xt := {xt o /t = 0). For small e, let = {yt o ft = e). Thus Eg = Xt n 
are (vertical) compact curves, deformations of Eq = Set Eg = Xt Ci H,.. 

The E(s, as the S(s, are compact curves (for t and e small), since Xt and Xt are 
both deformations of the same Xq. Thus for small t, Xt is close to Xf It follows 
that /t(Eg) is an analytic curve contained in a small neighborhood of Ti(t), for 
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small e. By the maximum principle, we must have that /t(Se) is a point, so that 
= /t(UeI]e) is a curve C, that is, Xt = But Xt and Xt intersect the 

exceptional divisor Ei{t) cs along the separatrix {xt = 0) of Qt through ri(t). 
This implies that Xt = ff^{C) = f^^{xt = 0) = Xf D 

We have proved that the foliations Xt and Xt have a common local leaf: the leaf 
that contains 7ru,(t) which is not algebraic. Let D{t) := Tang{X{t),X{t)) 

be the set of tangencies between X{t) and X{t). This set can be defined by 
D{t) = {Z £ C^;r2(f) A Cl{t) = 0}, where Ll{t) and Cl{t) define X{t) and X{t), 
respectively. Hence it is an algebraic set. Since this set contains an immersed non- 
algebraic surface Xt, we necessarily have that D{t) = P^. This proves Theorem B 
in the case n = 3. 

Suppose now that n > 4. The previous argument implies that if T is a generic 
3—plane in P", we have X{t)\-^ = X{t)^x- In fact, such planes cut transversely 
every strata of the singular set, and I(t) consists of points. This implies that 
ft is generic for |t| sufficiently small. We can then repeat the previous argument, 
finishing the proof of Theorem B. 

Recall from Definition the concept of a generic map. Let 

/ e BRM {n,v,a, (3,^), I{f) its indeterminacy locus and X a foliation on P”, 
n > 3. Consider the following properties: 

Vi : If n=3, at any point pj £ I{f) X has the following local 
structure: there exists an analytic coordinate system 
around Pj such that ZP^{pj) = 0 S (C^,0) and X\(^uPj zP 3 ) can 
be represented by a quasi-homogenous 1-form (as described in 
the Lemma [5T71) such that 

(a) Sing{dpp^) = 0 , 

(b) 0 is a quasi-homogeneous singularity of the type 
[/3.7 : a.7 : a.ft]. 

It n > A, X has a local structure product: the situation for n=3 
“times” a regular foliation in 

V 2 : There exists a fibre = V{q) such that V{q) = 

f~^{q)\I{f) is contained in the Kupka-Set of X and V{q) is not 
contained in lJi=o('^* = 0). 

X 3 : V (q) has transversal type X, where X is a germ of vector field 
on (C^, 0) with a non algebraic separatrix and such that 0 € is 
a non-degenerate singularity with eigenvalues Ai and A2, ^ ^ K. 

Lemma Is. 191 allows us to prove the following result: 

Theorem C. In the conditions above, if properties Vi, 1^2 and V 3 hold then X 
is a pull back foliation, X = f*{G), where Q is of degree d > 2 on P^ with three 
invariant lines in general position. 

Remark 5.20. Note that when G does not have invariant algebraic curves and we 
perform the pull-back by f as above, the indeterminacy set of f does not satisfy the 
hypothesis of the theorem. Take for example G being Jouanoulou ’s foliation. In the 
case n = 3 the indeterminacy set of f is not a quasi-homogeneous singularity of 

x = riG). 
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6. Appendix 

6.1. The pull back’s foliation degree. We refer the reader to [Bea] for the 
basic theory of algebraic surfaces. We recall that A5'z(P^) is the Neron-Severi 
group of divisors in P^. Denote \yy T^p the divisor determined by the vanishing of 
the Jacobian determinant of F : P^ —)• P^. It is locally defined by the vanishing of 
det DF, where DF denotes de differential of F. Its support is the critical set of F, 
and it satisfies the equation 

Kr2 = F*Kv2 + Vp 

where is the canonical divisor. Note that Fp is a divisor in the domain of F. It 
is a well known fact that a singular holomorphic foliation Q on P^ has a cotangent 
bundle given by Tq = 0^2 [d — 1) where d is the foliation’s degree [Bru] . 

The next result is part of a proposition extracted from [Fa.Pej pp 5. The state¬ 
ment used here is sufficient for our purposes. 

Proposition 6.1. Suppose F : (P^,H) (P^,0) is a dominant rational map. 

Then one has 

F*Tg =t;^-v 

in 7V5'z(P^) for some (on necessarily effective) divisor with support included in the 
critical set of F and satisfying F < Fp. 

The idea of the proof of Proposition 14.21 is the following: since /(/) is a set of 
codimension 3, by Bertini’s theorem we can embed a generic P^ on P" in such a 
way that it doesn’t intersect /(/). To be more clear in our discussion we will denote 
the embeded P^ by A. We consider the restriction F|a = T~L. Then we concentrate 
on the study of F = /|a : (A,7t) {V'^, 0 ). 

Proof. Note that F is in BRM (2, u, a, /3,7), since A is given by homogeneous linear 
equations on Since A n /(/) = 0, F is holomorphic. Denote the zero divisor 

of Fi by Di and the zero divisor associated to (rfFg A dFi A dF 2 ) by F'. From 
Proposition 16.11 we have that the divisor D consists oi Fp — Dq, where Fp = 
(a — l)F>o + iP — l)Fi + (7 — 1)^2 + F' . Recall that 

DF = (a(3j)[{F^-^F^-^Ff-^){dFo A dFi A dF^)]. 

On the other hand since G has only 3 invariant algebraic curves and of its sin¬ 
gularities are of Poincare-type then the pull-back of the divisor Dq is equal to 

(a - l).Do + (/3 - l).Di + (7 - 1).D2. 

This implies that D — F'. Hence = F*Tg + F'. 

Now denote by d' the degree of TL. We have that 

d' -l = p{d-l) + v{- + \ + -)-ii 
a p 7 

and the result follows. □ 
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